In this work we study a modified version of f (R) gravity in which higher order kinetic terms of a scalar field are added in the action of vacuum f (R) gravity. This type of theory is a type of k-essence f (R) gravity, and it belongs to the general class of f (R, φ, X) theories of gravity, where φ is a scalar field and X = 1 2 ∂ µ φ∂µφ. We focus on the inflationary phenomenology of the model, in the slow-roll approximation, and we investigate whether viable inflationary evolutions can be realized in the context of this theory. We use two approaches, firstly by imposing the slow-roll conditions and by using a non-viable vacuum f (R) gravity. As we demonstrate, the spectral index of the primordial scalar perturbations and the tensor-to-scalar ratio of the resulting theory can be compatible with the latest observational data. In the second approach, we fix the functional form of the Hubble rate as a function of the e-foldings number, and we modify well-known vacuum f (R) gravity reconstruction techniques, in order to find the k-essence f (R) gravity which can realize the given Hubble rate. Accordingly, we calculate the slow-roll indices and the corresponding observational indices, and we also provide general formulas of these quantities in the slow-roll approximation. As we demonstrate, viability can be obtained in this case too, however the result is strongly model dependent. In addition, we discuss when ghosts can occur in the theory, and we investigate under which conditions ghosts can be avoided by using a particular class of models. Finally, we qualitatively discuss the existence of inflationary attractors for the non-slow-roll theory, and we provide hints towards finding general de Sitter attractors for the theory at hand.
I. INTRODUCTION
The primordial era of our Universe is one of the mysteries in modern cosmology that need to be resolved. The recent observational data [1] have indicated that the primordial curvature perturbations power spectrum is nearly scale invariant, and there exist two kind of theories that can produce such a nearly scale invariant power spectrum, the inflationary theories [2] [3] [4] and bouncing cosmologies [5] [6] [7] . In addition, both these candidate theories predict a small amount of primordial gravitational radiation [1, 8] , so these two mainstream theories could be viable candidate theories for the early-time Universe. The inflationary theories have been studied for quite some time [2] [3] [4] , and there are various gravitational theoretical frameworks which can produce an early-time acceleration era, for example the modified gravity framework [9] [10] [11] [12] [13] [14] [15] and so on. With regard to the bounce cosmology alternative description, these theories became popular after the Loop Quantum Cosmology theory [16-19, 21-24, 62] resulted in the generation of a quantum bounce. One of the theories that can also realize a successful inflationary era, are the so-called k-essence theories [35] [36] [37] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] , which can also generate other appealing features of cosmological evolution. In this paper we shall be interested in studying a k-essence modified f (R) gravity of a simple form, by adding a higher order scalar field kinetic term, along with the vacuum f (R) gravity. The resulting theory is an f (R, φ, X) theory, with X = 1 2 ∂ µ φ∂ µ φ. The cosmological perturbations of this kind of theories were derived in Refs. [25] [26] [27] [28] , so our main aim in this paper is to investigate whether a viable inflationary evolution can be realized in the context of the k-essence f (R) gravity. To this end, we investigate how the slow-roll conditions modify the resulting equations of motion, and we derive the
with a(t) being the scale factor as usual. Moreover, the metric connection we will choose is the Levi-Civita, which is a symmetric, metric compatible and torsion-less. Finally, the Ricci scalar for the FRW metric of Eq. (1) is,
where H(t) is the Hubble rate, H(t) ≡ȧ(t)/a(t) and the "dot" indicates differentiation with respect to the cosmic time.
II. GHOSTS IN k-ESSENCE f (R) GRAVITY AND CONDITIONS OF AVOIDANCE
Before we start discussing the inflationary phenomenology of k-essence f (R) gravity models, we need to investigate when do ghosts occur in the theory. In this section we shall discuss this issue thoroughly for a class of k-essence f (R) models. Consider a general class of k-essence f (R) gravity models of the form,
where κ 2 = 8πG, G is Newton's constant and also X = 1 2 ∂ µ φ∂ µ φ, with φ being a real scalar field. In order to investigate whether ghosts can occur in this theory, we consider the perturbation of the scalar field φ around the background solution φ = φ 0 ,
Then, due to the fact that,
we can expand the function G(X) in the following way,
where
ϕ becomes a total derivative due to the equation of motion 0 = ∂ µ (G X (X 0 )∂ µ φ 0 ) so the second term can be dropped. We may rewrite the third term as follows,
Then in order to avoid having ghosts in the theory, we need to require,
For the spatially flat FRW universe of Eq. (1), if we assume that φ 0 depends solely on the cosmic time t, we find,
In the following we shall consider models of the form,
and also,
Obviously, the model of Eq. (11) contains a non-canonical kinetic term for the scalar field, so the theory is phantom from the beginning. However, the model of Eq. (10) can be ghost-free, so now we shall investigate the conditions under which the theory is ghost-free. For the FRW background we have,
Therefore for the background solution φ = φ 0 , if the following condition holds true,
no ghost occurs in the theory. In the next section, we shall prove that the slow-roll solution for the model (10) and for m even, has the form,
For the slow-roll solution of Eq. (29), Eq. (15) has the following form,
Then if m > 0 and even, and also for f 1 > 0, no ghost modes appear in the theory. Near stars or galaxies, φ 0 might depend on the spatial coordinates. In such a case, X 0 is not always negative but it can be positive. Even in this case, if we assume (10), we can write G tt as follows,
Then if,
and no ghost occurs in this case too. Especially when m is a positive and even integer, if,
or,
no ghost occur in the theory. In summary, the case m even and positive and also if f 1 > 0 in the model (10) leads to a ghost free theory, even at the astrophysical scales. We shall take into account these constraints in the following sections.
III. SLOW-ROLL k-ESSENCE f (R) GRAVITY: MODEL AND PHENOMENOLOGY
The model of k-essence f (R) gravity that we will study in this work has the following action,
where m is some positive number and the ± signs yield different theories. As we demonstrated in the previous section, the following model,
with m an even integer, and f 1 > 0 leads to a ghost free theory. Also we shall consider the phantom theory, in which case the action is,
with f 1 > 0, and in this section we shall investigate the inflationary phenomenology of both the models (21) and (22) . The actions (20) belong to the general class of f (R, φ, X) models of inflation, the cosmological perturbations of which were extensively studied in Refs. [25] [26] [27] [28] . In the following, we shall use the notation and formalism of Refs. [25] [26] [27] [28] , in order to study the phenomenology of the models (21) and (22) . By varying the action (3) with respect to the metric, also by using the FRW metric of Eq. (1), and finally by assuming that the scalar field depends solely on the cosmic time t, we obtain the following equations of motion,
where F (R), G(X) and G ,X (X) stand for,
Also, since the scalar field depends solely on the cosmic time, the k-essence field X is equal to X = − 1 2φ
2 . We shall assume that the scalar field obeys the slow-roll condition, which is,
so let us see how the last equation in Eq. (23) becomes in view of the condition (25) . We shall discuss the implications of the slow-roll condition (25) on the inflationary phenomenology for both the phantom theory (22) and for the ghost-free theory (21) .
A. Ghost Free Inflation
Let us study first the ghost-free slow-roll theory with action (21), so let us rewrite it by using the explicit form of the function G(X), so in the case when m is an even integer, it reads,
So in view of the slow-roll condition (25) , by dismissing terms containing the second derivative and higher powers of the first derivative of the scalar field, we obtain,
which can be solved and it yields,φ = 2
and by integrating with respect to the cosmic time we get the solution,
Hence the slow-roll condition for the theory at hand, uniquely determines the evolution of the scalar field as a function of the cosmic time. This will simplify significantly the calculation of the slow-roll indices and of the corresponding observational indices, as we show shortly.
Our aim is to investigate whether the addition of the k-essence term G(X) in a general f (R) gravity, may eventually modify the phenomenology of the vacuum f (R) gravity. Thus, let us choose an f (R) gravity with problematic phenomenology, such as for example the model,
where α, n > 0. Also in order to have inflation and not superacceleration, the parameter n is constrained to take values in the interval n = 1+ √ 3 2 , 2 . The case n = 2 corresponds to the Starobinsky model [29] , which gives a successful phenomenological description for inflation, however the model (30) has problematic inflationary phenomenology for
≤ n < 2, due to the fact one cannot obtain simultaneous overlap of the spectral index of the primordial curvature perturbations and of the tensor-to-scalar ratio with the Planck data, see [9] for details on this. Thus the main aim of this section is to show that the k-essence modification of the f (R) = R + αR n model may alter its phenomenology. Let us start with the k-essence version of the model f (R) = R + αR n , and the first equation of motion of Eq. (23) in the slow-roll approximationḦ ≪ HḢ, can be written as follows,
where we used the explicit form of the scalar field φ(t) in the slow-roll approximation, given in Eq. (29) . The last term in Eq. (31) is subleading, therefore the solution of Eq. (31) is the following,
where t i is some initial time and c 1 = 2−n (n−1)(2n−1) . The solutions (29) and (32) will be very important for the calculations of the slow-roll indices and of the corresponding observational indices. Let us recall the functional form of the slow-roll indices and of the corresponding observational indices, for the theory with the action (20) . Following Ref. [25] [26] [27] [28] , the slow-roll indices ǫ 1 , ǫ 2 , ǫ 3 and ǫ 4 , are equal to,
where the function E stands for,
and we have set κ 2 = 1 for simplicity. Accordingly, the spectral index of the primordial curvature perturbations n s and tensor-to-scalar ratio r are written in terms of the slow-roll indices ǫ 1 , ǫ 2 , ǫ 3 and ǫ 4 as follows [25] [26] [27] [28] ,
where c A stands for,
By using the explicit form of the solutions (29) and (32), the slow-roll indices (33) expressed in terms of the e-foldings number, take the following form,
where we introduced the parameters J 1 , J 2 , which are,
Having the slow-roll indices at hand, one can easily obtain the observational indices (35) in closed form, however we do not quote these here since their final expressions are too lengthy. The phenomenology of the resulting model is interesting, due to the fact that by appropriately adjusting the free parameters f 1 , α, n, t i and m, one can obtain a viable phenomenology, having in mind the constraint on the parameter n, which must take values in the range n = obtain n s = 0.965 and r = 0.06, which are both compatible with the latest Planck [1] and BICEP2/Keck-Array [8] data. In the ghost-free model of (21) for the f (R) ∼ R n gravity, the inflationary phenomenology is quite interesting and the compatibility with the observational data comes easily without any extreme fine-tuning of the free parameters. In fact, the viability of the theory comes for a wide range of the free parameters. This feature can be seen in Fig. 1 where we present the contour plots of the spectral index (left) and of the tensor-to-scalar ratio (right) as functions of the parameters f 1 and α for f ). The blue curves in the left plot correspond to the value n s = 0.965 and the blue curves in the right plot correspond to r = 0.06.
B. Phantom Inflation
Now let us turn our focus on the phantom theory with action given in Eq. (22) . For earlier works on k-essence phantom theories see [46] and also Refs. [55] [56] [57] [58] for general phantom inflation models. We need to note that Also Tensor to scalar ratio '' r ''as function of f1 and Α mention that in principle, a phantom theory maybe just an effective description and the complete theory may be free of ghosts.
In the phantom inflation case, if the slow-roll approximation is assumed for the scalar field, the evolution of the phantom scalar is governed by the following differential equation at leading order,
which can be solved and it yields the same solution as in Eq. (29) . Let us calculate the slow-roll indices for the f (R) = R + αR n model, so after following the steps of the previous section, we obtain the slow-roll indices (37) , where in the case at hand, the parameters J 1 , J 2 are,
Accordingly one can easily obtain the observational indices (35) in closed form, which are too lengthy to be presented here. By appropriately adjusting the free parameters f 1 , α, n, t i and m, one can obtain a viable phenomenology, for example, by choosing n = 1.36602, f 1 = 10 −40 , α = 6.751 × 10 43 , t i = 10 −20 and m = 1.4, we obtain n s = 0.966 and r = 0.0613, which are both compatible with the latest Planck [1] and BICEP2/Keck-Array [8] data. However, it is obvious that extreme fine tuning is needed in the model, nevertheless, a non-viable f (R) gravity model becomes viable by the inclusion of an appropriate phantom higher order kinetic scalar field term in the gravitational action. In the next section we shall present a general technique for obtaining viable k-essence f (R) gravity theories, in the slow-roll approximation.
One issue we did address is the graceful exit from inflation issue in the context of k-essence f (R) gravity. Essentially from a mathematical point of view, in order to have graceful exit from inflation, the theory needs to have unstable de Sitter solutions (which correspond to an effective equation of state parameter w ef f = −1). This issue seems to depend strongly on the model of f (R) gravity chosen, and also depends on the slow-roll condition and it's implications on the evolution of the scalar field at early times. Formally, this problem can be answered in a concrete way if one analyzes in detail the autonomous dynamical system of the k-essence theory, find explicitly the de Sitter attractors and investigate if these are stable or not. Also, the graceful exit from inflation can be achieved by adding R 2 terms in the gravitational action, however we do not discuss this issue further in this paper and we hope to address in a more detailed future work.
IV. AN ALTERNATIVE APPROACH TO SLOW-ROLL k-ESSENCE f (R) GRAVITY INFLATION
In this section we shall employ a formalism appropriately designed for the k-essence f (R) gravity models of Eqs. (21) and (22) , that will enable us to realize an arbitrarily given evolution and also to test its viability. It is basically a reconstruction technique for the k-essence f (R) gravity theory (for general reconstruction scheme for k-essence, see [38] ), and we shall provide general formulas that can be used for arbitrary forms of the G(X) term. We start off by providing the cosmological evolution we shall be interested to realize with the theory at hand, which in terms of the e-foldings number has the following form,
where β and γ are arbitrary parameters of the theory. This cosmological evolution can be realized by specific kessence f (R) gravities of the form (21) and (22) which we will now find. To this end we shall appropriately modify the reconstruction technique of Ref. [30] , to accommodate the k-essence term contribution, so we introduce the function G(N ) = H(N ) 2 , hence the Ricci scalar can be written as follows,
Accordingly, by expressing the functions appearing in the first equation of motion of Eq. (23), and also by using the slow-roll solution of Eq. (29) for the scalar field, we obtain the following differential equation,
in the above equation is,
with the plus sign in the last term of Eq. (43), which is the k-essence term contribution, corresponding to the phantom case (22) while the minus sign corresponding to the ghost-free theory (21) . Given the Hubble rate (41) and by inserting it in Eq. (42) we can find the function N (R) which reads,
so accordingly, by using Eq. (45) the differential equation (43) becomes a second order differential equation that can be solved to yield the exact f (R) that can realize the cosmological evolution (41) . By combining Eqs. (41), (45) and (43), we get the following differential equation,
which can be explicitly solved and it yields the solution,
where C 1 and C 2 are integration constants, and also the parameters µ and ν appearing in Eq. (47) are defined as follows, Having the f (R) gravity which realizes the cosmology (41), we shall use the results of the slow-roll formalism we developed in the previous section for the k-essence f (R) gravity, and we shall express the slow-roll indices and the corresponding observational indices as functions of the e-foldings number. The formulas we shall produce will enable us to easily test the viability of the resulting theory by confronting it with the observational data of Planck [1] . By using the following formula,
the slow-roll indices of Eq. (33) can be written in terms of the e-foldings number, and in the slow-roll approximation these read,
where the prime indicates differentiation with respect to the e-foldings number N , while the parameters J 1 , J 2 are defined in Eqs. (38) and (40) for the ghost-free and for the phantom case respectively. Accordingly, the spectral index and the tensor-to-scalar ratio can be found by the following formulas,
where c A is equal to,
For the case at hand, the Ricci scalar as a function of N reads,
therefore by using the explicit form of the f (R) gravity (47) and also by replacing R(N ) from Eq. (53), we can find the exact form of the slow-roll indices and of the observational indices for both the ghost-free theory (21) and for the phantom theory (22), which we do not quote here for brevity. After a thorough investigation of the parameter space, it can be seen that for the cosmological mode with Hubble rate (41), both the phantom theory can provide a viable phenomenology, in which a simultaneous compatibility of the spectral index and of the tensor-to-scalar ratio with the observational data can be achieved, for a wide range of parameters. For example by using the following values for the free parameters, (N, β, γ, m, f 1 ) = (60, 1.4983, 0.001, 1.2, 1.2470) and by setting the integration constants C 1 = C 2 = 1, we obtain n s = 0.964894 and r = 0.0179065 which are compatible with the Planck data and also with the BICEP2/Keck-Array data. This compatibility occurs for a wide range of the free parameters, as it can be seen for example in Figs In Fig. 2 , the red curves correspond to the values of the spectral index n s = 0.97161 and n s = 0.95839, which are the maximum and minimum values allowed by the Planck data respectively. However, the ghost free theory does not provide simultaneous compatibility of n s and r with the observational data. For example if one chooses, (N, β, γ, m, f 1 , C 1 , C 2 ) = (60, 15.8, 2, 8, 8, 1, 1) , one obtains n s = 0.966282 and r = 23 which is an unappealing result. However we need to note that the result is model dependent, so for the specific cosmology which has the Hubble rate (41) , it seems that the phantom model (22) provides better phenomenology in comparison to the ghost-free model (21) . Therefore, it is possible to produce viable inflationary evolutions in the context of the k-essence f (R) gravity, by using the slow-roll formalism we presented in this section. Basically, the method we presented is a reconstruction method for realizing inflationary evolutions, in the slow-roll approximation. In principle different types of inflationary evolutions can be realized, but we refrain from going into details because the procedure is the same as the example we presented.
V. CONCLUSIONS
In this paper we studied a modified gravity theoretical framework which extends the vacuum f (R) gravity theory, and it consists of higher order scalar field kinetic terms that are added to the standard f (R) gravity Lagrangian density. Due to the form of the extra terms in the action, we called this theory k-essence f (R) gravity theory, and our main aim was to investigate the inflationary aspects of this theory, in the slow-roll approximation. Actually, the class of k-essence f (R) gravity theory which we studied in this paper gets very much simplified if the slow-roll condition is imposed on the scalar field, and we investigated the dynamics of inflation in the resulting theory. By using standard formulas for the slow-roll indices coming from generalized f (R, φ, X) theories studied some time ago, we derived the slow-roll indices for a general f (R) gravity, and then we applied the formalism for an f (R) gravity of the form R+αR n . This theory without the k-essence part is not compatible with the latest Planck observational data, so we questioned the viability of the theory in view of the presence of the k-essence terms. As we demonstrated, there is a range of values of the free parameters for which the phenomenological viability of the theory can be achieved, for both the phantom and ghost-free models which we used. Since the result might be model dependent, we used another approach in order to see whether the k-essence f (R) gravity can produce viable phenomenology. To this end, we fixed the Hubble rate as a function of the e-foldings number, and we modified standard f (R) gravity reconstruction techniques to accommodate the presence of the k-essence terms, always in the slow-roll approximation. Using the resulting reconstruction techniques we derived the k-essence f (R) gravity which can realize the given Hubble rate, and then we provided general formulas for the slow-roll indices as functions of the e-foldings number, always in the slow-roll approximation. Accordingly, we calculated the slow-roll indices and the corresponding observational indices and we demonstrated that the resulting theory can be compatible with the Planck data, however the result is strongly model dependent. Thus we validated that the k-essence f (R) gravity theory can produce phenomenologically viable cosmologies in the slow-roll approximation. The latter is a vital ingredient of the formalism we employed, so the basic question is, does this theory have inflationary attractors in the absence of the slow-roll condition? The vacuum f (R) gravity theory has stable and unstable de Sitter attractors without the slow-roll condition implied, as was explicitly demonstrated in [31] , by using the dynamical system approach, so the question is does a general non-slow-roll kessence f (R) gravity possesses inflationary attractors? This question is non-trivial and no one can guarantee this, before a consistent autonomous dynamical system is derived for the theory in question. For example, in the case of Gauss-Bonnet gravity there exist inflationary attractors even if the slow-roll condition does not hold true, although these are unstable, as was proved in Ref. [32] , and the same applies for vacuum f (R) gravity theories in the presence of a non-flat metric [33] . Moreover, the existence of unstable de Sitter attractors is a feature of f (R)-φ theories [34] . However the latter type of theory contains potential terms, which are absent in the k-essence f (R) gravity, so the next major task is to question the existence of inflationary attractors in the non-slow-roll k-essence f (R) gravity theory. To this end one should appropriately construct a consistent autonomous dynamical system, study its fixed points, and test their stability, analytically if these are hyperbolic fixed points, or at least numerically if the fixed points are non-hyperbolic. The interpretation of the existence of unstable inflationary attractors is a major issue in these theories, which in some sense can be viewed as an inherent mechanism for the graceful exit from inflation, but this is a highly non-trivial issue to discuss here, and of course out of the context of this work. Work is in progress along the above research lines.
Finally, it is noteworthy mentioning that even in this k-essence framework, it is unavoidable having the initial Big Bang singularity, when inflationary scenarios are considered. However, it is interesting to note that, if the underlying theory can go beyond the k-essence f (R) gravity type inflation, namely a torsional based f (T ) modified gravity [59, 60] , or a Horndeski scalar [61] one may not only realize inflationary cosmology, but also a non-singular bouncing phase that can be applied to avoid the big bang singularity. In fact, it would be interesting to extend the formalism we developed in this paper to find an appropriate k-essence f (R) gravity type theory that may realize a bouncing cosmology. In the context of other extensions of f (R) gravity this is also possible [62] , so the question remains if there are k-essence modified gravities that may realize cosmological bounces. We hope to address this issue in a future work.
